DUALITY MAP CHARACTERISATIONS FOR OPIAL CONDITIONS

TIM DALBY AND BRAILEY SIMS
We characterise Opial's condition, the non-strict Opial condition, and the uniform Opial condition for a Banach space X in terms of properties of the duality mapping from X into X' . This condition has been used in the study of the existence of fixed points for nonexpansive maps. For example, Gossez and Lami Dozo [2] have shown that Opial's condition implies weak normal structure and hence the weak fixed point property. A weaker condition, non-strict Opial, is that ( x n ) converging weakly to xw implies lim inf n -w liminf llxn -2 1 1 n for all x . Again, this condition is associated with the weak fixed point property. See, for example, Sims [7] .
In the opposite direction Prus Sims [6] in 1985 characterised Opial's condition in terms of the asymptotic nature of J ( x n ) where (2,) is a non-null weakly convergent sequence. More precisely we have the following. Here we complete the cycle by extending the techniques of [6] to obtain a characterisation of the uniform Opial condition.
We begin by showing that the uniform Opial condition is determined in the following way. Note: the subsequential form of this characterisation is not needed for our later proofs, but is included for its potential utility. 
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